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Abstract 

A complete system of primitive pairwise orthogonal idempotents for cyclotomic Hecke algebras 
is constructed by consecutive evaluations of a rational function in several variables on quantum 
contents of multi-tableaux. This function is a product of two terms, one of which depends only 
on the shape of the multi-tableau and is proportional to the inverse of the corresponding Schur 
element. 



1. Introduction 

This article is a continuation of the article [TO] on the fusion procedure for the complex reflection 
groups G(m, 1, n). The cyclotomic Hecke algebra H(m, 1, n), introduced in [IJ [2J [3], is a natural flat 
deformation of the group ring of the complex reflection group G(m, l,n). 

In [TO], a fusion procedure, in the spirit of [8j, for the complex reflection groups G(m,l,n) is 
suggested: a complete system of primitive pairwise orthogonal idempotents for the groups G(m, l,n) 
is obtained by consecutive evaluations of a rational function in several variables with values in the 
group ring CG(m, l,n). This approach to the fusion procedure relies on the existence of a maximal 
commutative set of elements of CG(m, l,n) formed by the Jucys-Murphy elements. 

Jucys-Murphy elements for the cyclotomic Hecke algebra H(m,l,n) were introduced in pQ and 
were used in [9] to develop an inductive approach to the representation theory of the chain of the 
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algebras H(m,l,n). In the generic setting or under certain restrictions on the parameters of the 
algebra H(m, l,n) (see Section [2] for precise definitions), the Jucys-Murphy elements form a maximal 
commutative set in the algebra H(m, l,n). 

A complete system of primitive pairwise orthogonal idempotents of the algebra H(m,l,n) is in- 
dexed by the set of standard m-tableaux of size n. We formulate here the main result of the article. 
Let A( m ) be an m-partition of size n and T be a standard m-tableau of shape \^ m \ 

Theorem. The idempotent Ej- of H(m, 1, n) corresponding to the standard m-tableau T of shape A^ m ) 
can be obtained by the following consecutive evaluations 



Et = F A (m)$(lil, ...,u n ) 



«l=Cl 



«B-l=Cn-l U 



1) 



n — <--n 



Here 3>(ui, • • • , u n ) is a rational function with values in the algebra H(m, 1, n), F A ( m ) is an element 
of the base ring and c\ , . . . , c n are the quantum contents of the m- nodes of T . 

The classical limit of our fusion procedure for algebras H(m, 1, n) reproduces the fusion procedure 
of [TU] for the complex reflection groups G(m, l,n). For CG(m, l,n), the variables of the rational 
function are split into two parts, one is related to the position of the m-node (its place in the m-tuple) 
and the other one - to the classical content of the m-node. The position variables can be evaluated 
simultaneously while the classical content variables have then to be evaluated consequently from 1 to 
n. For the algebra H(m, 1, n), the information about positions and classical contents is fully contained 
in the quantum contents, and now the function <I> depends on only one set of variables. 

Remarkably, the coefficient F A ( m ) appearing in ([1]) depends only on the shape A*" 1 ) of the standard 
m-tableau T (c/. with the more delicate fusion procedure for the Birman-Murakami-Wenzl algebra 
[6]). In the classical limit, this coefficient depends only on the usual hook length, see [10]. However, in 
the deformed situation, the calculation of F A ( m ) needs a non-trivial generalization of the hook length. 
It appears that the coefficient F A ( m ) is proportional to the inverse of the Schur element of the algebra 
H(m,l,n) corresponding to the m-partition A^" 1 ) (see [3] for an expression of the Schur elements 
of H(m,l,n) in terms of generalized hook lengths); the proportionality factor is a unit of the ring 
C[q, q , vi, . . . , v m ], where q, V\, ... ,v m are the parameters of H(m, 1, n) (see Section [2] for precise 
definitions). 

For m = 1, the cyclotomic Hecke algebra H(l, l,n) is the Hecke algebra of type A and our fusion 
procedure reduces to the fusion procedure for the Hecke algebra in [5]. The factors in the rational 
function are arranged in |5j in such a way that there is a product of "Baxterized" generators on one 
side and a product of non-Baxterized generators on the other side. For m > 1 a rearrangement, as for 
the type A, of the rational function appearing in (fl]) is no more possible. 

The additional, with respect to H(l, l,n), generator of H(m, l,n) satisfies the reflection equation 
whose "Baxterization" is known [7j. But - and this is maybe surprising - the full Baxterized form 
is not used in the construction of the rational function in (pTJ) . The rational expression involving the 
additional generator satisfies only a certain limit of the reflection equation with spectral parameters. 

The Hecke algebra of type A is the natural quotient of the Birman-Murakami-Wenzl algebra. The 
fusion procedure, developed in [6j, for the Birman-Murakami-Wenzl algebra provides a one-parameter 
family of fusion procedures for the Hecke algebra of type A. We think that for m > 1 the fusion 
procedure ([TJ can be included into a one-parameter family as well. 
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2. Definitions 

2.1. Cyclotomic Hecke algebra and Baxterized elements 

The cyclotomic Hecke algebra H(m, 1, n + 1) is generated by r, ai, . . . ,a n with the defining relations 

ciicrj+icJi = o-j+icrjCJi+i for i = 1 . . . , n - 1 , 

(TjfTj = cjjCTi for i, j = 1, . . . , n such that [ i — j [ > 1 , 

TO\TO\ = (J\TO\T , 

(2) 

TCTj = (TjT for £ > 1 , 

°f = - tf -1 )^ + 1 for % = 1, . . . ,n , 

(T -«!.)... (T -V m ) = . 

The cyclotomic Hecke algebras H(m,l,n) form a chain (with respect to n) of algebras defined by 
inclusions H(m, 1, n) 9 r, 0"i, . . . , cr n -i ^t,(Ji,..., cr n -l S H(m, 1, n + 1). These inclusions allow to 
consider (as it will often be done in the article) elements of H(m, 1, n) as elements of H(m, 1, n + re') 
for any n' = 0, 1, 2, . . . . 

We shall work with a generic cyclotomic Hecke algebra (that is, q, v±, . . . , v m are indeterminates 
and we consider the algebra H(m, 1, re + 1) over a certain localization of the ring C[q, q ,v%, . . . , v m ]), 
or in a specialization such that the following conditions are satisfied 

1 + q 2 H h q 2N ± for iV such that N < re , 

q 2l Wj — Wfc 7^ for i, j, such that j ^ k and — n < i < n , (3) 
g 7^ , i>j 7^ for j = 1, . . . ,m . 

Note that the restrictions for the parameters of H(m, 1, n+ 1) imply the corresponding restrictions 
for the parameters of H(m, 1, re). 

Define, for i = 1, . . . , n, the Baxterized elements, with spectral parameters a and /3: 

a^^-ai + iq-q- 1 )^— . (4) 

a — p 

These Baxterized elements satisfy the Yang-Baxter equation with spectral parameters: 

ai(a,a')a i+ i(a,a")ai(a' ,a") = a i+ i(a' ,a")ai(a,a")a i+ i(a,a) . 
The following formula will be used later: 



(a- q 2 f3)(a- q- 2 P) 
(a -0)5 



<ji(a,P)ai(P,a) = — ^ for i = 1, . . . , n . (5) 



We also define the following rational function with values in H(m, 1, n + 1): 
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Remarks, (i) One can rewrite r(p) as a polynomial, in p, function. Indeed, let ao, ai, • • • , a m be the 
polynomials in v\ , . . . , v m defined by 

{X - vi)(X - v 2 ) . . . {X - v m ) = a + ai X + ■■■+ a m X m , 

where X is an indeterminate. Define the polynomials CLi(p), i = 0, ...,m, in p, with values in 
C[vi, . . . ,v m ], by 

o (p) = a + aip-\ Ya m p m and a i+ i(p) = p^ 1 (a i {p) - for i = 0, . . . ,m - 1 . 

The polynomials a-i(p), i = 0, . . . ,m, are given explicitly by 

ai(p) = a, + p a i+ i H h p m ~ % a m for i = 0, . . . , m . (7) 

It is straightforward to verify that 

m— 1 

(P ~ r ) Yl a *+iO) T ' = a o(p) = (P~ vi)(p -v 2 )...(p- v m ) . (8) 
It follows from © and © that 

»Ti— 1 

r(p) = ai (p) + a 2 (p)r + • • • + a,,^)^- 1 = £ a l+1 (p)r 4 . (9) 

i=0 

For example, for m = 1, we have r(p) = 1; for m = 2, we have r(p) = r + /> — v\ — V2', for m = 3, we 
have r(p) = r 2 + (p - v\ - v 2 - v 3 )t + p 2 - p(v\ + v 2 + v 3 ) + v\v 2 + viv 3 + v 2 v 3 . 

(ii) The elements r(p) and <Ti(a,/3) satisfy a certain form of a reflection equation with spectral 
parameters: 

CT i(a,/3)r(a)a 1 - 1 r(/3) = r(/3) f T 1 ~ 1 r(a)a 1 (a, /?) . (10) 
Indeed, due to (0) and (0), the equality (fTUj) is equivalent to 

(r - /3)<ti(t - a)ai(/3,a) = gx(P,ol){t - a)ai(r - ft) , 

which is proved by a straightforward calculation. The equation (|10p is a certain (we leave the details 
to the reader) limit of the usual reflection equation with spectral parameters. 

2.2. m-partitions, m-tableaux and generalized hook length 

Let Ahn + lbea partition of size n + 1, that is, A = (Ai, . . . , A/), where \j, j = 1, . . . , I, are positive 
integers, \i ^ \ 2 ^ • • • ^ \i and n + 1 = Ai + • • • + Aj. We identify partitions with their Young 
diagrams: the Young diagram of A is a left-justified array of rows of nodes containing Aj nodes in the 
j-ih row, j = 1, . . . , I; the rows are numbered from top to bottom. 

An m-partition, or a Young m-diagram, of size n + 1 is an m-tuple of partitions such that the 
sum of their sizes equals n + 1; e. g. the Young 3-diagram (□□,□,□) represents the 3-partition 
((2), (!),(!)) of size 4. 
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An m-node o/ m ) is a pair (a, k) consisting of a usual node a and an integer k = 1, . . . , m, indicating 
to which diagram in the m-tuple the node belongs. The integer k will be called position of the m-node, 
and we set pos(a^) := k. 

For an m-partition A*™) , an m-node of is called removable if the set of m-nodes obtained 
from \( m ^ by removing is still an m-partition. An m-node /?( m ) not in \( m ^ is called addable 
if the set of m-nodes obtained from A^" 1 ** by adding /?( m ) is still an m-partition. For an m-partition 
A*™), we denote by £_(A( m )) the set of removable m-nodes of and by £ + (\( m ^) the set of addable 
m-nodes of \( m \ For example, the removable/addable m-nodes (marked with -/+) for the 3-partition 
(□□,□,□) are 





- + 


+ 







+ 






+ 


+ 




+ 





Let A< m ) be an m-diagram of size n + 1. A standard m-tableau of shape \^ is obtained by placing 
the numbers 1, . . . , n + 1 in the m-nodes of the diagrams of \( m ^ in such a way that the numbers in 
the nodes ascend along rows and columns in every diagram. 

Let q,vi, . . . ,v m be the parameters of the cyclotomic Hecke algebra H(m, l,n + 1). For an m- 
node a( m ) = (a, k) lying in the line x and the column y of the k-th diagram, we denote by c(o/ m )) 
the quantum content of the m-node cS m \ c(a^ m ^) := Vkq 2<yV ~ x ^ ■ We denote by cc(a^ m ^) the classical 

y — x. Let {£i, . . . , £ m } be the set of distinct m-th roots of unity, 



cc(a 



(m) N 



content of the node a, 

ordered arbitrarily; we define also p(a^) := 

For a standard m-tableau T of shape A*™) let a\ m ^ 



be the m-node of T occupied by the number 



i, i = 1, . . . ,n + 1; we set c(T\i) := c{a[ rt ^), cc{T\i) := cc(a^ m ' ) ) and p(T\i) ■= p{a[ rt ^). For example, 
for the standard 3-tableau T = ( \ 1 1 3 | , |T| ,|Tf) we have 

c(T\l) = v 1 , c(T\2) = v 2 , c(T\3) = v iq 2 and c(T|4) = v 3 , 
CC (T|1) = , cc(T\2) = , cc(T|3) = 1 and ce(T|4) = , 
P(T|1)=6, p(T|2) = &, p(T|3)=a and p(T|4) = & , 



where {^1,^2,^3} is the set of all third roots of unity, ordered arbitrarily. 



Generalized hook length. The hook of a node a of a partition A is the set of nodes of A consisting 
of the node a and the nodes which lie either under a in the same column or to the right of a in the 
same row; the hook length h\(a) of a is the cardinality of the hook of a. We extend this definition to 
m-nodes. For an m-node = (a, k) of an m-partition \^ m \ the hook length of in \( m \ which 
we denote by h X ( m ) (a^), is the hook length of the node a in the k-th partition of \( m \ 

Let A^" 1 ) be an m-partition. For j = 1, . . . , m, let t A ( m ) x be the number of nodes in the line x of 
the j'-th diagram of \( m ', and c A ( m ) y j be the number of nodes in the column y of the j-th diagram of 
\(m)_ rpj^ ^qq^. igngth f an m -node lying in the line x and the column y of the fc-th diagram of 
A*™) can be rewritten as 

h x(m ) (a (m) ) = I A (m) >a . >fc + c A (m ))W)fc - x - y + 1 . 
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Define a generalized hook length (see also [1]) by 

h \h) ( a(m) ) := l \(™),x,j + c x(^), y ,k -x-y + l, for j = 1, . . . , m , 

where a( m ) is the m-node lying in the line x and the column y of the fc-th diagram of A*-" 1 ) (in particular, 
h xL( a(m) ) = /l A(-)(« (m) ) is the usual hook length). 
For an m-partition A( m ) of size n, we define 



( m -cc(o( m )) \ 
*•*">> n ■ (") 

The element F A ( m ) can also be written as 



F A(™) = II I [|j ( ft H)l II _ fc W (a(m)) fc W (Q(m)) J ' ( i2 ) 

fe ^ pos(a< m )) 

where [j] q := q 3 ~ x + q^~ 3 + ... + g^^ 1 for a non-negative integer j. 

3. Idempotents and Jucys— Murphy elements of H(m, l,n+ 1) 

The Jucys-Murphy elements Jj, i = 1, . . . ,n + 1, of the algebra H(m, l,n + 1) are defined by the 
following initial condition and recursion: 

J\=t and Jj + i = <jj JjCTj, i = 1, . . . , n. (13) 

We recall that, under the restrictions the elements Jj, i = 1, . . . , n+1, form a maximal commutative 
set of H(m, 1, n + 1) [HE]. Recall also that 

Jicrk = crkJi for / i - 1, i . (14) 

The irreducible representations of H(m, 1, n + 1) are labelled by the m-partitions of size n + 1. The 
basis vectors of the irreducible representation of H(m, l,n + 1) labelled by the m-partition \( m ^ are 
parameterized by the standard m-tableaux of shape A^" 1 ) . The Jucys-Murphy elements are diagonal 
in this basis. For a standard m-tableau T, denote by Eq- the corresponding primitive idempotent of 
H(m, 1, n + 1). We have, for all i = 1, . . . , n + 1, 

JiE T = E T Ji = Ci E T , (15) 

where c, := c(T\i), i = 1, . . . , n+1. Due to the maximality of the commutative set formed by the Jucys- 
Murphy elements, the idempotent Ej- can be expressed in terms of the elements Jj, i = 1, . . . ,n + 1. 
Let 7^ m ^ be the m-node of T containing the number n + 1. As the m-tableau T is standard, the 
m-node of A^ m ) is removable. Let U be the standard m-tableau obtained from T by removing 
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the m-node y( m \ and let // m ) be the shape of U. The inductive formula for Ej- in terms of the 
Jucys-Murphy elements reads: 



Ej- = Eu 



n 

/3( m )e£+(At (m) ) 



J n+l -c(f3^) 
C ( 7 M) _ c (/?( m )) 



(16) 



with the initial condition: Eu = 1 for the unique m-tableau Uo of size 0. Here Eu is considered as an 
element of the algebra H(m,l,n + l). Note that, due to the restrictions ([3]), we havec(/3( m )) ^ c{^) 
for any ^ G £+(/i (m) ) such that /?( m ) ^ 7 ( m ). 

Let {71, . . . , T a } be the set of pairwise different standard m-tableaux which can be obtained from 
IA by adding an m-node with number n + 1 . The formula 



Eu = y~]ETj i 



(17) 



with (|15p . implies that the rational function 



Eu 



i=i 



u - C n+ l 



U - Jn+1 

is non-singular at u = c n +\ and moreover, due to the restrictions 

u - c n+ i 



Eu 



u- J n 



+i 



E T . 



«=C„+1 



(18) 



4. Fusion formula for the algebra H(m, 1, n + 1) 

Let cj)\ (u) := t(u) and, for k = 1, . . . , n, 

^fc+iOiii, ...,u k ,u) := a k (u,u k )(f) k (ui, . . . ,u k ^ 1 ,u)a k l 



(19) 



= a k (u, u k )o k _i(u, u fc _i) . . . ax{u, u 1 )r(u)a 1 1 ... o k \a k 1 . 
Define the following rational function with values in the algebra H(m, 1, n + 1): 

$(«!,... ,« n +i) := n +i(ui, . . . ,« n ,it„ + i)0 n («i, . . . ,« n _i,it„) 0i («i) . (20) 

Let A( m ) be an m-partition of size n + 1 and T a standard m-tableau of shape X^ m \ For i = 
1, . . . , n + 1, we set q := c(T|i). 

Theorem 1. The idempotent Ej corresponding to the standard m-tableau T of shape can be 

obtained by the following consecutive evaluations 



Er = F A (m)$(«l, • • • ,u n+ i] 



Ml=Cl 



*71 — '-n 



Cn + l 



(21) 
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Proof. The Theorem [T] follows, by induction on n, from (|18p and the Propositions [2] and [5] below. □ 

Till the end of the text, ^( m ) and 5^ denote the m-nodes of T containing the numbers n + 1 and 
n respectively; U is the standard m-tableau obtained from T by removing ^ m > , and //( m ) is the shape 
of U; also, W is the standard m-tableau obtained from U by removing the m-node 5^ and 
the shape of W. 

For a standard m-tableau V of size N, we define 

V 1 J ' (u - «i) • • • (u - v m ) 11 („ - g2 C (V|i)) (« - g" 2 c(V|i)) ' 1 j 

by convention, for N = 1, the product in the right hand side is equal to 1. 
Proposition 2. We have 

F T (u)4> n +i(ci, . . .,Cn,u)E U = - — ^-ti £ w . (23) 

u - J n+ l 

Proof. We prove (j23j) by induction on n. As Ji = r, we have by Q 

u — Cl u — C\ 

r = 7 \ — i \ r ( n , 

u-Ji [U-Vl) . . .(u-v m ) 
which verifies the basis of induction (n = 0) . 

We have: Ey^Ey = Ey and Eyy commutes with a n . Rewrite the left hand side of (|2"3"j) as 

F T (u)a n (u,c n ) ■ <f> n (ci, . . . ,c n -i,u)E w ■ a^ x E u . 
By the induction hypothesis we have for the left hand side of j23j): 



F T (u)(F u (u)) 1 a n (u,c n )- — C -^a n x E u ■ 
Since J n +i commutes with En, the equality (f23|) is equivalent to 

F T {u){F u (u))-\u - c n )a~\u - J n+l )E u = {u - - C £ (u - J n )a n (c n ,u)E u ; (24) 

(u - q z c n ){u - q z c n ) 

(the inverse of a n (u,c n ) is calculated with the help of ©). By ([22]) . 

FrHCFwCu))" 1 ^ - c n ) = (« - c n+ i) 7 2 (U ~ Cn)2 _ 2 r . (25) 

(u - q z c n )(u -q z c n ) 



Therefore, to prove (|24p . it remains to show that 

a~ l {u - J n+ i)E u = {u- J n )a n (c n ,u)E u . (26) 
Replacing J ra +i by o~ n J n o~ n , we write the left hand side of (|26[) in the form 

(u^ 1 - J n a n )E u . (27) 
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As J n Eu = c n Eu, the right hand side of (|26|) is 



(ua n - J n a n + (q - q 1 )(u - c n ) — - — )E U (28) 

c n -u 

and thus coincides with (|27|) . □ 
Lemma 3. We have 

F T {u) = {u- c n+1 ) J] (u - ctf™)) J] (u- c(a( m )))" 1 . (29) 

The proof is by induction on n. For n = 0, we have 

u — C\ 



F T (u) 



{u-v\)...(u- v m ) 

which is equal to the right hand side of (|29p . 
Now, for n > 0, we write 

(u-Vi)...(u- v m ) (u - q 2 c n )(u - q- 2 c n ) £1 ( u - g 2 Cj)(u - <? _2 C;) 
Using the induction hypothesis, we obtain 

Mu)= ( iU ~T + v (U ~ Cn J\ II («"<#<">)) II (u-cCaM))" 1 . (30) 
{u — q z c n )(u — q A c n ) - LJ - V / - LJ - V / 



Denote by and <k the m-nodes which are, respectively, just above and just below 5^ and 
and <5r"^ the m-nodes which are, respectively, just on the left and just on the right of it might 
happen that one of the coordinates of 5^ (or is not positive, and in this situation, by definition, 
<5 4 (m) £ £_(v^) (or 5j m) £ £_(i/( m ))). It is straightforward to see that: 

. If 5 t (m) ,,5{ m) ££L(*/M) then 



= 5_(z/M) U {5 (m) } and £+(^ (m) ) = (£+{y {m) ) u {^ m) ,4 m) }) \{<5 (m) } . 
If 5 { t n) G £_(i/ m )) and 5l m) £ £L(i/ m )) then 

£L ( M M ) = (£_ (z/ m ) ) u {<5 (m) }) \{5{ m) } and £ + ) = (s + (i» ) U {^ m) }) \{<5 (m) } . 

If 5| m) £ £_(z/ m )) and 5[ m) G £L(i>( m )) then 

f _ ( M M ) = (f_ (i/( w ) ) u {5 (m) }) \{<5j m) } and £ + (jj,™ ) = (s+ {v {m) ) U {^ m) }) \{<5 (m) } . 
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. If 5l m) ,5l m) €S-(vW) then 

£_(^ m )) = fe_(i,M) u {5 (m ^}^j \{Sl m \di m) } and £+{^ m) ) = £+(i/ m) )\{5 (m) } 
In each case, it follows that the right hand side of (f30|) is equal to 



(u-c n+1 ) H (u-c(pW)) H («-c(aW) 

/3(™)e£-(/i(m)) a( m )e£ + (// m )) 



which establishes the formula (I29p , 
Lemma 4. VFe have 

J] (c n+1 -c(/3( m ))) J] (c n+1 -c(a( m )) 

P(m) £ £_ (^(m) ) a (m) g £ + (^(m) )\{-y(m) } 

Proof. 1. The definition (fTT]l . for a usual partition A, reduces to 

tt n cc ( a ) 
F A :=II 



-l 

— n 

A( m ) /i( m ) 



F F- 1 



The Lemma H] for a usual partition A is established in [5], Lemma 3.2. 
2. Set k = pos(7^" 1 ^). Define, for an m-partition 9^ m \ 

cc(o< m )) 

Fe, ~' := „,»E„,C(»«)]„' 

and, for j = 1, . . . , m such that j 7^ k, 

_ n -cc(a( m )) _ „-cc(a( m )) 

:(i) 



•= TT 1 - - TT 



(a< m )) (a< m ') 11 (a(™)) (a(™)) 

a (m) efl (m) Ufc q >- Vj qe(™) y ' a { m ) £ e (m) e('™) v >- Vk q e(™) y ' 

pos(a< m )) = fc pos(o< m )) = j 



By (|12p . we have 

F ( m ) = Fg( m ) ] { F^) 



j = 1, . . . ,m 

Fix j € {1, . . . , m} such that j 7^ k. We shall show that 

II { c n + i - c((3^)) J] (c„ +1 - c(a^))" 1 = F^CF^)- 1 ■ 

0(m) g £_( M (m)j a (m) g £ + ( M ( m ))\{ 7 ( m )} 

pos(/3( m ) ) = j pos(a< m ) ) = j 

Let pi < P2 < ■ ■ ■ < p s be positive integers such that the j-th partition of ^jS" 1 ' is (/xi 
with 

Ml = ' ' ' = Mpi > AVi+i = ••• = Mp 2 >•••••• > Mp a -i+i = ' ' ' = Mp s > • 
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We set po := 0, p s +i '■= +00 and fJ, Ps+1 ■= 0. Assume that the m-node lies in the line x and 
column y. The left hand side of ([35]) is equal to 

s s+1 _ 1 

Yl(v kq 2{y - x) -v jq 2 ^-^) Jl (v k q 2{ - y ~^ - Vj q 2 ^- pb -^ . (36) 
6=1 b=l 



The factors in the product (J33J) correspond to the m-nodes of an m-partition. The m-nodes lying 
neither in the column y of the k-th diagrams (of A( m ) or // m )) nor in the line x of the j-th diagrams 
do not contribute to the right hand side of (|3"5]) . Let t E {0, . . . , s} be such that pt < x < pt+i- The 
contribution from the m-nodes in the column y and lines 1, . . . ,pt of the k-th diagrams is: 

yr( tt v k q-^b-y+ x - a ) - Vjq (»p b -y+ x - a ) 

11\ 11 -(fi Pb -y+x-a+l) _ {n Pb -y+x-a+l) 

b=l a=p b _ 1 +l fcy 3 H 

the contribution from the m-nodes in the column y and lines p% + 1, . . . , x of the A:-th diagrams is: 

TT ( v k q- ( ^w~ y+x - a) - Vjq ^+i-y+ x - a ) \ g -cc(7 (m) ) 
4f+i "W" ( '' Pt+1 " !/+:C "' 1+1) -^.gWt+i-^-a+i); Vkq -(v Pt+1 -y+i) _ v . q ^P t +i-y+ 1 ) 

The contribution from the m-nodes lying in the line x of the j-th diagrams is: 

° ^ Vj q-(y-a+Pb-x) _ Vkq (y-a+ Pb -x) 

11 11 v . a -(y-a+Pb-x+l) — v , a {y-a+p b -x+l) 
b=t+l a=fi, Pb+1 +l -> H KH 



After straightforward simplifications, we obtain for the right hand side of (|35p 

S S + 1 

q x ~y YlUkq-^Pb-y+x-P^-vjqi^-y+x-Pb)^ TJ L kq -<Jh> b -v+*-Pb-i)_ v . q {^ b ~y+x-P b -i)\ . (37) 



6=1 6=1 
The comparison of (|36p and (|37p concludes the proof of the formula (|35[) . 



3. The assertion of the Lemma is a consequence of the formulas (|34p . (|35p together with the part 1 
of the proof. □ 

Proposition 5. The rational function Ff(u) is non-singular at u = Cn+i, and moreover 

F T {c n+l ) = F A(m) F- ( x m) , (38) 

Proof. The formula (|29p shows that the rational function F-j-(u) is non-singular at u = c n +i, and 
moreover 

Fricn+l) = J] ( c «+i " C ^ M )) II ( c «+i - c(« (m) )) _1 • (39) 

p(m) g £_ ( M (m) ) a (m) €£+ ( /1 (to))\{ 7 (to) } 

We use the Lemma H] to conclude the proof of the Proposition. □ 
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Example. Consider, for m = 2, the standard 2-tableau ( j 1 1 3 | , |~2~f )- The idempotent of the algebra 
H(2, 1, 3) corresponding to this standard 2-tableau reads, by the Theorem Q] 

cr 2 (viq 2 , V2) vi(viq 2 , vi) r(viq 2 ) 1 a^ 1 cr i(v2,vi) r(v 2 ) trf 1 t{v{) 
(q + q'^iviq" 1 - v 2 q)(vi - v 2 )(v 2 q~ 2 - Viq 2 ) 

5. Remarks on the classical limit 

Recall that the group ring CG(m, 1, n+ 1) of the complex reflection group G(rn, 1, n + 1) is obtained by 
taking the classical limit: q i— > ±1 and «j i— >• i = 1, . . . , m, where {£i, . . . , £ m } is the set of distinct 
m-th roots of unity. The "classical limit" of the generators r, o"i, . . . , cr n of H(m, 1, n + 1) we denote 
by i, si ,. . . , s„ 



1. Consider the Baxterized elements (j3|) with spectral parameters of the form a = v p q 2a and a' 



v p /q 2a ' with p,p' € {1, . . . , m}. One directly finds that 

lim lim <7j(a,c/) = Sj H . (40) 

<?->i Vi-+£i a — a 

For the Artin generators si, . . . ,s n of the symmetric group S n +i, the standard Baxterized form is: 

Si(a, a') := Sj H for i = 1, . . . , n . 

a — a 

In view of (|40p . we define generalized Baxterized elements for the group G(m, l,n + 1) as follows: 

Si(p,p',a,a) := Si-\ for i = 1, . . . , n . (41) 

a — a' 

These elements satisfy the following Yang-Baxter equation with spectral parameters: 

i i i\ i ii a \ t i a i n\ ( i a i a \ { a n\ i i i\ 

Si(p,p ,a,a )s i+ i{p,p ,a,a )Si(p ,p ,a,a ) = s i+ i(p ,p ,a ,a )Si(p,p ,a,a )s i+ i{p,p , a, a ) . 

The Baxterized elements (|4ip have been used in [10J for a fusion procedure for the complex reflection 
group G(m, 1, n + 1). 

2. It is immediate that 

lim cio(p) = p m — 1 and lim ai{p) = p m ~ % for i = 1, . . . , m , 

where cii(p), i = 0, . . . , m, are defined in ([7]). It follows from ([9]) that 

m— 1 

lim r{p) = Y, P m ~ X ~ l ? ■ (42) 

m—l 

The rational function t(p) := ^ ^ p m ~ l t l with values in CG(m, 1, n + 1) was used in [10] for a fusion 

i=0 

procedure for the complex reflection group G(m, l,n + 1). 
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3. Define, for an m-partition A^ m -*, 

/*»>:=( II ^)(« M )) _1 - (43) 
The classical limit of F A ( m ) is proportional to / A ( m ) . More precisely, we have 

lim lim F A(m) =y A ( m )/ A ( m ) , where y A(m) =— IT p{a {m) ) . (44) 

q— >1 Vi— >£i 171 

a {m) £\(m) 

m 

The formula (|44p is obtained directly from (JT2J) since (£& — £j) = m/£& for k = 1, . . . , m. 

i = 1 
i ± k 

4. Using formulas (|40p . (|42p and (|44p . it is straightforward to check that the classical limit of the 
fusion procedure for H(m, l,n + 1) given by the Theorem Q] leads to the fusion procedure [10] for the 
group G(m,l,n + 1). Also, for m = 1 one reobtains the fusion procedure [5] for the Hecke algebra 
and, in the classical limit, the fusion procedure fSj for the symmetric group. 
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